Abstract. Suppose µ be a Beltrami coefficient on the unit disk, which is compatible with a convex co-compact Fuchsian group G of the second kind. In this paper we show that if |µ| 2 1 − |z| 2 dxdy satisfies the Carleson condition on the infinite boundary boundary of the Dirichlet domain of G, then |µ| 2 1 − |z| 2 dxdy is a Carleson measure on the unit disk.
1 Introduction
) is the hyperbolic distance between 0 and g(0). Otherwise, we say that it is of convergence type. All the second kind groups are of convergence type.
For more details about Fuchsian groups, see [9] .
For g in G, we denote by D z (g) the closed hyperbolic half-plane containing z, The infimum of all such C is called the Carleson norm of λ, denoted by λ * .
Let ∆ be the unit disk. In this paper, we mainly focus our attention on the case Ω = ∆. We denote by CM (∆) the set of all Carleson measures on ∆.
For a positive measure |µ(z)|dxdy, we say µ ∈ CM * (∆) if and only if the measure
The importance of the class CM * (∆) lies in the fact that it plays a crucial role in the theory of BMOA-Teichmüller space, see [1, 5, 8, 13] etc.
For a Fuchsian group G, suppose µ(z) is a bounded measurable function on ∆ which satisfies
for every g ∈ G, then we say µ is a G-compatible Beltrami coefficient (or complex dilatation). We denote by M (G) the set of all G-compatible Beltrami coefficients.
For a G-compatible Beltrami coefficient µ, if the measure
is a Carleson measure on ∆, when the Carleson norm is small, then f µ (∂∆) is a rectifiable (chord-arc) curve, where f µ is the quasiconformal mapping of the complex plane C with i, 1 and −i fixed, whose Beltrami coefficient equals to µ a.e. on the unit disk and equals to zero on the outside of the unit disk. This is essential for the proof of the convergence-type first-kind Fuchsian groups failing to have Bowen's property, see [2] . It is also the critical method to prove that the convergence-type
Fuchsian groups fail to have Ruelle's property, see [11, 12] .
It is important to investigate in which condition the G-compatible Beltrami coefficients belong to CM * (∆). We call the intersection of F with the unit circle ∂∆ the boundary at infinity of F , denoted by F (∞). In this paper, we have By this theorem we see that the Carleson property of the measures which are compatible with the convex compact second-kind Fuchsian groups can be checked from the points in the set F (∞) i.e., the boundary at infinity of the Dirichlet domain
Notation. In this paper χ A always denotes the characteristic function of the domain A.
Some lemmas
The following lemma will be used several times in this paper. I give a short proof here. Proof. We first choose 0 < r < 2 and fix it. For any ξ ∈ ∆, if ξ ∈ ∂∆, there is nothing need to prove. We suppose ξ ∈ ∆. If dist(ξ, ∂∆) ≥ 2r (this case only happens when 0 < r < 0.5), where dist(·, ·) denotes the Euclidean distance. Then we have
For the case dist(ξ, ∂∆) ≤ 2r, we can choose a point η ∈ ∂∆ such that dist(η, ξ) < 2r. Then we have B(ξ, r) ⊂ B(η, 4r) and
where C * is the Carleson norm of the measure |µ|
Hence we let C = max{π||µ|| ∞ , 4C * } and the lemma follows.
Remark. By this lemma we see that for any simply connected domain Ω ⊂ ∆, If |µ| 2 1 − |z| 2 dxdy is a Carleson measure on ∆, then it is also a Carleson measure on Ω.
In order to prove Theorem 1.1, we will need the following lemma which essentially belongs to Astala and Zinsmeister, see [1] , or [2] . with center 0 and radius t. Then µ is in CM * (∆).
For the readers to see more clearly about the property of µ, we give the detail of proof of this lemma here.
Proof. Recall that a sequence {z j } is called an interpolating sequence of ∆ if
where δ z stands for the Dirac mass at z.
We first show that the sequence {g(0)} g∈G is an interpolating sequence of the unit disk ∆.
The sequence {g} g∈G satisfies the property (i) of the interpolating sequence immediately from the action of Fuchsian group being discrete.
For the property (ii), by a result due to Carleson [7] , we know that
is equivalent to the Blaschke product inf gi gj ∈G,gj =gi
In order to show (3.2), it is enough to prove that for any
Note that
where ρ(g i , g j ) denotes the hyperbolic distance between g i and g j . Similarly
Let g i (0) = 0 and in this case
where C is some universal constant.
By the definition of the convergence type group we know that the sequence {g} g∈G is an interpolating sequence.
We continue to prove this lemma. Suppose the support set of µχ F , denoted by Supp(µ F ) which is contained in the ball B(0, t). For any ξ ∈ ∂∆ and 0 < r ≤ 2, we
It is easy to see that the hyperbolic radius t ρ of the Euclidean disk B(0, t) is ln 1 + t 1 − t . Hence for any g ∈ G, the disk g(B(0, t)) is a hyperbolic disk with center g(0) and hyperbolic radius t ρ . By some simple calculation or by [3] we know that the disk g(B(0, t)) is contained in the Euclidean disk B(g(0), R g ), where the radius R g is equal to
where C is some constant depending only on t.
Combine the above discussion we have
where the constant C * depends only on C ′ and the Carleson norm of the measure
. Hence the lemma holds. A Jordan curve γ is said to be a chord-arc curve if there exists a constant C such that for any two points ξ 1 , ξ 2 ∈ γ, the length of the arc γ ξ1,ξ2 satisfies
where γ ξ1,ξ2 is the shorter arc of γ with endpoints ξ 1 , ξ 2 and d(ξ 1 , ξ 2 ) means the Euclidean distance between ξ 1 and ξ 2 .
A result from [14] for chord-arc domains, see [14] .
By the preparatory work we have done, it is time to give the proof of Theorem 1.1.
Proof of Theorem 1.1
Proof. Let G be a second-kind convex cocompact group and F be the Dirichlet domain of G with center 0. Let µ be an element in M (G). The intersection of the closure of F with ∂∆ contains finitely many intervals which are called free edges of
For any 1 ≤ i ≤ n, let q i,1 , q i,2 be the endpoints of I i . It is well known that both q i,1 , q i,2 do not belong to the limit set. Both sides of q i,j (j = 1, or 2) are free sides of Dirichlet domains with different centers.
By the statement of the theorem we know there exists a constant C such that for any 1 ≤ i ≤ n, we can choose a ball B i such that B i ∩ ∂∆ contains no limit points of G and I i ⊂ B i ∩ ∂∆ and for any point ξ ∈ I i and 0 < r < 2, Let ξ be an arbitrary point of ∂∆ and r a positive real number less than 2. In the following we will find a positive constant C * which does not depend on ξ and r such that
We first consider the following special case. If there exists g ∈ G such that g(B(ξ, r)∩∆) ⊂ F . By Lemma 2.1 we know that |µ| 
Since g is a Möbius transformation, the domain g(B(ξ, r)∩∆) is a chord-arc domain.
By Lemma 2.3, we have
where the constant C 1 depends only on the constant C in the statement of the Theorem 1.1. Hence we have
By the above discuss of the special case, we easily get that the measure |µ(z)| 
For case (a), we have
where the second inequality of above holds is by Lemma 2. By the similar discuss as case(a) we have
Since for every 1 ≤ i ≤ n, the arc B i ∩ ∂∆ does not contain the limit points of G. 
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